Newington College Yr 12 Mathematics Ext 2 Trial HSC 2007

Question 1. (15 marks)

Marks
1
a) Find dx. 2
) j 6X— X’
'S e N
b) Find the exact value of k if ——=dx=6e. 4
X
c) Ifl, =Le X(logx) dx where n is a positive integer
e’ n
1) Show that| =—-——1__,.
) n 2 2 n-1 3
ii) Hence evaluate I]e x(log X)3 dx. 2
o dx . .
d) Find ——  using the substitution U =tan x. 4
2+c0s2X
Question 2 (15 marks)  Start the question in a new booklet.
a) Given z =1-i\3
1) Write z in modulus - argument form. 1
ii) Hence find z* in the form X +iy where x and y are real. 2
iii) Find the least positive value of n such that z" is real.
2
b) Sketch each of the following regions on a separate Argand diagram
i) [z-2-i|<2 )
. . T
i) O<arg|(1+1)z |£—
) gl (1+)2] 5 2
c) OABC is asquare. O represents the complex number 0
A represents the complex number 3 +1i, B represents a complex number z and
C represents the complex number w.
D is the point of intersection of the diagonals.
2

i) Find the complex numbers corresponding to points C and D in the form x +1y.
ii) Find arg (ﬂj 2
z

iii) If E is the fourth vertex of the parallelogram OAEB find the complex number
corresponding to E.
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Question 3 (15 marks)  Start the question in a new booklet.

a) The diagram shows the graph of y = f (x)

y
= f(x)
3
-2 3 X
-3
Sketch graphs of
Dy ()
. 1
RRTEY

i) y*=f(x)

iv) the inverse functiony = ' (x)

b) The diagram is a sketch of y = f '(X) with a horizontal asymptote aty = —1.
Sketchy = f (X) given that it is continuous and f (—15) =f (5) =0.

Clearly label important features.

Marks
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Question 3 continued
¢) The hyperbola xy = c* touches the circle (x— 1)2 + Yy =1 at the point Q.
1) Show this information on a sketch.
ii) Deduce that the equation x* (x—1)° +c* = x has a repeated real root /3> 0
and two complex roots.
iii) Find the value of S3,¢>.

Question 4 (15 marks)  Start the question in a new booklet.

2 2
a) Given P is a point on the hyperbola % —g—z =1 with foci S,S'.

i) Prove [PS—PS'=2a.
ii) If this hyperbola is rectangular prove PS.PS'=0P’.

b) Akram estimates that the probability of his winning any one game of tennis against a
particular opponent is l How many games should they play so that the probability

that Akram wins at least one game is greater than 0.9?
Xy’
2

c) Consider the ellipse — + 0 =1wherea>b>0,
a

1) Show that the tangent to the ellipse at the point P (acosé,bsin &) has

equation bxcos@+aysind—-ab=0.

i1) RandR' are the feet of the perpendiculars from the foci S and S'
respectively onto the tangent at P. Show that SR.SR'=b’.

P (acos0 bsin0)

Marks
1

2
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Question 5. (15 marks)  Start the question in a new booklet. Marks

a) Show that the area bounded by the parabola x* =4ay and the latus rectum 3
. 8a’
y =a is equal to =

b) A particular solid has a triangular base with all sides 6 metres. 6
Cross sections taken parallel to one side of the base are parabolas. Each parabolic
cross-section is such that its latus rectum lies in the base of the solid.

Find the volume of the solid.

¢) The circle with equation x> +y* =9 is rotated about the line X =6 to form a torus.

S S
L/

1) Show, using the method of cylindrical shells that the volume V of the torus is 3
given by
V= 47rf3(6— XN9—-xdx .

i) Hence find the volume of the torus. 3
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Question 6. (15 marks)  Start the question in a new booklet.

a) 1) By considering factors, or otherwise show, that the roots of z° —2° +1=0
are among the roots of z° +1=0.

i) By selecting the appropriate roots of z° +1=0, or otherwise, show that

2 -7 +1=(Z2 —ZZCOS%-FI](Zz —22008%4—1)(22 —22003777[+1j.

/4 Sr S T T V4 3
i) Show that cos—cos— + cos— cos— + cos—cos— = ——.
9 9 9 9 9 9 4

b)

The curves Yy =k —x* for some real k, and y = 1 intersect at the points P, Q and R
X

where X=qa,Xx = f and X = y respectively.

1) Show that the monic equations with coefficients in terms of
k whose roots are a”, 5°,7” is given by X’ —2kx* +k*x—1=0.

i) Show the monic equation, with coefficients in terms of, whose roots are
1 1 1 .
—,—5 and — is X —k*x* +2kx—1=0.
a p Y

i) Hence show that OP* + 0Q’ + OR’ = k* + 2k, where O is the origin.

Marks
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Question 7. (15 marks)  Start the question in a new booklet.

Marks

a)

A smooth bowl is formed by rotating the hyperbola

(y + 1)2 —x* =1 around the y axis.

A particle P of mass m kg travels around the inside with constant angular velocity
o radians per second in a horizontal circle of radius r metres at a height h metres
above the bottom of the bowl. The acceleration due to gravity is g ms—.

i) Show that if the tangent to the hyperbola (y + 1)2 —x* =1 at the point (X, Y, ) 1

makes an angle @ with the positive X axis, then tan& = " al .
+Y
i1) Draw a diagram showing the forces for P. 1
i)  Show @’ =—9_. 2
1+h
1v) Show that the force N Newtons exerted by the particle P on the bowl is 2

1
ivenby N=mg 2—— .
ey e (ny
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Marks
Question 7 continued

b) The diagram shows the point A at a height h vertically above the point O. It also
shows the point B which is positioned at a horizontal distance d from O.
A projectile is fired from A directly at point B with a Velocity V. At the same
instant a projectile is fired from B directly at the point A with the same velocity V.

<
Y

Let € be the angle between the horizontal and the angle of projection.

Show that

1) The equations of motion of the two projectiles are 4
X, =Vtcosé Xg =d —Vtcosd

2 2

yA:h—VtsinH—% A :Vtsinﬁ—%

1) Show the particles will always meet . 3

i) Show that the height H at which they meet is given by 2
h*+d’
o o(hed’)
2 Y
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Question 8. (15 marks)  Start the question in a new booklet. Marks
a) Given that sin™' X, cos™ X and sin”' (1-x) are acute.
. . . -1 -1 2 2
1) Show that sm(sm X —cos X) =2Xx" -1
ii) Solve the equation sin™ x—cos™ x =sin"' (1-Xx). 3
b)
— @ E
N
i \L
.................................... \o ")
10

Two particles are connected by a light inextensible string which passes through a small
hole with smooth edges in a smooth horizontal table. One particle of mass m travels in a
circle on the table with constant angular motion @. The second particle of mass M travels
in a circle with constant angular velocity 2 on a smooth horizontal floor distance d below
the table. The lengths of string on the table and below the table are | and L respectively
and L makes an angle € with the vertical.

i)

draw diagrams showing the forces acting on each particle.
If the floor exerts a force N on the lower particle, show N = M (g — sz) .

State the maximum possible value of Q2 for the motion to continue as
described. What happens if Q exceeds this value?

By considering the tension force in the string, show I—L = %(%j

If the lower particle exerts zero force on the floor, show that the tension T in
the string is given by T = ngL

Given the table is 80cm high and the string is 1.5m long, while the masses on
the table and on the floor are 0.4kg and 0.2kg respectively. The particles are

observed to have the same angular velocity. If the lower particle exerts zero

force on the floor, find, in terms of ¢ the tension in the string.

END OF PAPER



SOLUTIONS
Question 1.
1 dx 2 _Wx 2
) J nz’xmj. ‘e Neals
6 x? =
X X 9~ (x~ 3) : \/;‘ix [28 ]1
! . =2¢" g = 6e
s ]
6 o8 —-x ¥ = 4o
k=+In4e
. e & 1
. . 4 i) I, m’fl xdxn?w—z—
e) i)y I -J. x(lnx) dxzf (lnx)"———(mjﬁ
1 2 2
- e e’ 1
\ . ) Ilzmé““—*f{}:—z'i-m
X £ X w1 1
z[»—lnxJ —-J. "“*T’l(}.n ) X—dx & & 1
2 , Y2 x Lmme [ = o
e2 e 1 2 ‘o4
= e e Inx)" dx ' 2 2
75}, *(lnx) =S 3 1
2 n 2 214 4
e 23
8 8
d IW letu=tanx cos2x=
0 2-+cos2x 1+u
) _ du =sec® xdx
:Jw'ﬁ du doe du
0 24247 +1my? PR
mf“ﬁ du x=0=y=0
0 34+
- =Eouals
3 \\/ﬂ \
1 =
:———-—X«-—-—-O
V3 4
a3
12
uestion 2. 3
Q i) 2% =2%cis 87 7
- 3 i) 2" =2"cis| - 2L
a) i) z=1-iJ3 {27 N {\ 3
s zzscisl—-imf nr
ZmZCisg-——gJ 3 real when — = k1
. (1 V) :
mzsgu-—w*—g’] fork=1n=3
\ 2 2 / =z =-8
=27 =22 = 1281283



b) 1)

i) O<arg(l+i)+argz<%

z z
""“"jI(CZP‘gZS*E

) w=i04

=143
Dismid pt CA

=(1,24)

i) arg(Z)=argw-argz

| =B0C=%

o) I i) z=2x0D

' OE = OA+DB

#—j}mm

{ 12/
(s . .,
rzw.'.Ezs 5+ 3§
Question 3 { i) :
aji)
y
$
Y=
2\ /.fs =X
\ m/"
N\, -
~ ______w_/
3
iif) ) A
: ¥ - W
VoEte)
3 =
/ //w,ig}:}
- s S 5{/
A ) ?fﬁ .
£ _% - /'3
>
~
Ed
f/

e
e



N 3b)

¢) i)  Diagram

5 2
it) Touch when (x -1)2 + (5— == 1
_ X

x* (xﬁl)z +et=x?

There is clearly only one point of intersection. Since they touch in the 1% quadrant there must
be a repeated root S with 5> 0. *

A must have multiplicity either 2, or 4 since complex roots must occur in conjugate pairs.
Consider P(x)=x'-2x*+¢*
P'x)=4x"-6x"

=0 Whenxzw%,o reject 0

-

If the repeated root is of multiplicity 4 then } o= 4><~;—- =0 = _E .. not of multiplicity 4
a

-~

Lx=f =32- is a double root only

*. other roots must be complex.

4 a3
6i Pz
s L

i o
ko . ek dousle rpod

: o

Lad



Question 4,

PSS =ePM, PS' =¢PM’

PS-PS'|=¢[PM'~PM|

a
L omeX2x—
- e

=2a
i) Since rectangulér a=h e=2
OP? =a’sec’ @ +4° tan® 8
=a’ (sec2 8 +sec? 9*1)
== g (25&92 8 wl) "
PS.PS =&’ PM.PM’
=é’ (asecé’ua/e)(asecé?—ka/ﬁ)
=2a* seéz 8—-a*

OR
PS.PS' =4* (eseo@——l)(esec(?%l)

=q° (62 sec” 9-—»1)
=a° (23e02 @ —1)

Let P (Akran wins) = p, g=1-p

Let number of games =7 Consider (p + q)

by D

P(wins 21) =1~P(wins no games)
=1-g"

01> (3

- needs to play 6 games

let1-¢">0.9

n>—‘~§~§w§z568

4c) 1)

¥ v
;;-E-“;w]

diff*®

2

2x )’fzr

e I
gives Fr===0

. _42: ity
T 2y

at (acosd,bsinf)=-Lcotd

. tangentis y-hsin@ =

o8 (x - acosd)
aysin@—absin® 0 = ~bxcos @+ ab cos 8
bxcos8+aysin @ = ab(sin® 6 + cos? 9) = ab
ify SRSR

b cos@x ae— ab|x b cos@x ge - ab)
«,/bzcos 6 +a®sin® B/b? cos? G+ a’ sin’ 4

@’ cos? é9~—a2397"§

b eos’ B+a sint &

i 5.2 21
b {a* -8 Joos® 6 - o]

5}2 cos®d+4%sin’ @

A* B cos? ﬁ asin” 6
b cos® &+ a? gin? &

i
N

r H—T

=%"Cp

-

B {acost buind)




Question 3.
a) y=4+ x*

2a
Area under curve = 4 = —f;;j x*dx
I+

= L[2T s
Zai 3 5 3

Shaded area =4axg —ig«i
= 8
-
&) Consider slice at dist x from A
BC =ABtan 30=:f—53=

Now BC is semi latus rectum
=35
— X . 2t
A=ixg=2
&V =2x*8x
33 N
V:hngv::f x2dx
Xl 0

3¢)  Consider a vertical strip as shown.
Rotate this strip to form a cylindrical shell

of height 2y and outer radius (6 -x)

To 1¥ order approx this shell volume
= volume of rectangular prism
SOV =47 (6~x)yéx
. 3
V=1m » &v
Sxerl ==

m3
V =4r (Smx)ydx

- 3
=47 (6»—~x)\f'9wx2dx
-3

-

=47 ] 6J0-x* -—.‘.vxxfb—x"
= -3

»

%3

= 24 % -0 (since odd )

=10877

AE =4 cos 3o
=203

20 (g-x) 1y
y2ig-oa



Question 6.
ay i) zg+1m(23~%~1)(26mz3+1)
=0 whenz’+1=0

orzl -z +1=0

= roots of z° —z* +1=0 are the roots of z° +1 = 0 that are not the roots of z2° =1

i) The 9 roots of z° +1 =0 include —1 and are equally spaced around the unit circle

in an Argard diagram by an angle of -2~§

Theroots —1 and those spaced at an angle of i’%’i from —1 are the cube roots of -1.

The remaining roots are therefore the roots of z° — 2> +1 = 0,
Arrange these roots in conjugate pairs —, = §£3:§£ I ~T=
9°9 979 97 9

Consider (z— a)(z —52) =2’ -22R(a ) +|a]

\
36“234“1*[22—2200324—‘1\ zz—zzcosi{c-ﬂj(zzmlzcos&ﬂ)
' 9 ) 9 9

iif) Equate coeff of 22 LHS =0

RHS =4 oosﬁccsig+cos£coszﬁ+oos~5~£ooslﬁ +3
9 9 g 9 9

bea S T Tz S 1 3
e CO8 — COS —— + COS~ £0S =t COT e (GO e 22 e e
9 9 9 9 9 '

6b) i) y=k~x* —(1)

y=;1; -(2)

Solve (1) and (2) ~1=hr—x’
% —Jx+1=0 has roots a.fB.y

fet xm«gg

3 1

S _})E -—[{;}}E =

squareb.s. 3P -2k +k%y =1

5%’ =2k’ +k*x~1=0has roots &, f%,7° —(A)

1 . 1
i) Letx=— fif) 0P2=a2+—33; similarly OQ* = /32-;_1;, OR* =y +—
y o I ¥
2
LI VR L. S LOP 400 +0R =ai + oyt ot e L 1
oy oy a By
=2k By -3 =0 =2k+k" by sum of roots from (A} and (B).

X e 21 =0

I 1 1
has roots ~ee | e —i{B
= 0:2 52 ?,2 . ( }



Question 7.
@) (1) -7 =1

2(y~é-1)%-2x=9

@ x

dx  y+1
- tan g =~
I+»

F+ 1 -o =1

i) H:Nsin@=mre® (1)

V:Ncos8=mg -—(2)
YL
T cos®
Sub—(1) czgg sin@ = prro’
r gxy 2
tan§ =
TR em e
PRI
I+h
») Fom(2) N=-T8 .. T
cosd 1+4
but (v, ) lies on hyperbola .72 = (1+ -1
cast?:—%rqm-—%l»—imh?m
V2(1+R) -1
o Mg T
..;V..mv (1+h) -1
== g 52% !

'gf {E—Hz)z



A
1
h \\o ™
\“\\_\H
~—
-
’\\B
v ] 8
. d v X
D =0 5o=ng |
nx,=C t=0, x=Vcosl Y, =-gt+k t=0yp=~Fsind
Sx, =V cosl Sy m—-gt-Vsing

X, =VeosBr+ct=0x,=0.=0 y, :w-é-gz‘?'——Vsinat»kk' t=0y, =h.k=h

x, =Vcos@t ' yém——%gz‘zmﬁ"siné.t+h
X, =0 V=g
Xp=c” t=0 f=-F cosé Vp=gt+k" t=0 y,=Vsind
SoXy ==V cosf Vg =-=gt+Vsing

xy==VoosO.t+c” t=0 x,=d. . c"=d me—‘—i—gtz+Vs§n9,t+k”' i=0 y,=0.%k"=0

Xy =d ~V cosBt | ygz—-mél-«gtz—i-:?sin&r
if) ﬁvheﬁxA =X, wheny, =y,
tVcos@=d—tV cosd ~3gt" —tVsing + h=—% gt* +V sin 6t
t=i— -(1) !, =5k -(2)
now tan@ =% . dsind = hcos@
. d h
sbin(l) 7 = e Jpsng

- The two particles have the same x, y coordinates at the same time.
Hence they meet.

i) H = —%gz"” +Vsiné.t

;ng:ﬁ
d
1 R h
S e S 11 € B S —
R R 3V s 0
_ L W h_h g(hd?)
2% 420/ 2 2 gt



Question 8.
a) i) LH.S. sin(sin™ x—cos™ x)

=xxx—41-x x1—x?

=2x"-1=RH.JS. :
ify sin” x—cos™ x =sin"! (1-x) ! ot

S 2% —l=l-x /

2% +x-2=0
X
1+
w=EVIFI0 G 2808, 1.2808

but sin™ (1~ x) must be acute

Now 1—(~1.2808) =2.2808° which is not acute

s.reject x =—-1.2808 Solution x = l*—“;@

8b) 1) ii) Consider M: Hor: T'sin @ = MxL sin 8.0°
q\?‘%i Vert: N+Tcosf = Mg
T N =(Mg ~T cos6)
1 & m
\ l, 9 _ =Mg — MLcos8.Q?
\\ G = M(g—-LcosB.Qz)
g \L, -
TN =M (g-aq’)

N20 - O'<&
d

o> % the mass A will 1ifi off the surface.

iif) Consider m: Vert: N'=mg
v) x=8 L+[=15 m=04 M=0.2

Hor: T = miw* -(2)
Equate (1) & (2) MLOY? = miw® from (3) L 2 s L=2
. !
E:ﬁfﬁ\s -(3) but  L+7=135
I M) 1205, L=1
) EN=0 =L 7oy ~(4) Cpo02xixg g
d v 08 4
_Mlg
d
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